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Coherent-state-based phase estimation is a fruitful testbed for the field of precision measurements
since coherent states are robust to decoherence when compared with exotic quantum states. The
seminal work done by Caves [Phys. Rev. D 23, 1693 (1981)] stated that the phase sensitivity of
a U(2) interferometer fed with a coherent state is limited by the shot-noise limit (SNL). In this
Letter, we demonstrate that this bound is not conclusive sensitivity limit and can be broken when
the measurement includes an external phase reference. The SNL can be surpassed by a factor of
√
2
and the validity is supported through the calculation of quantum Fisher information. Additionally,
we discuss other single-mode Gaussian inputs of which sensitivities are beyond the SNL. Our work
shows potential applications for many metological scenarios, particularly when the measured samples
immersed in great lossy environments or can withstand bright illumination.
Introduction.— Metrology is an ancient as well as mod-
ern subject committed to achieving sensitive parameter
estimation. One of the useful tools is a U(2) interferom-
eter [1, 2], which can be used to estimate many slight
variations on physical quantities, such as phase shifts [3–
7], polarized rotations [8–11], and angular displacements
[12, 13]. In this regard, there exists a famous theorem on
sensitivity limit referred as to the SNL [14]: The optimal
sensitivity of a U(2) interferometer fed with an arbitrary
single-mode state scales as 1/
√N with N being photon
number inside the interferometer. This conclusion makes
the studies on protocols based upon single-mode inputs
stagnant, since all attempts are unavailing as long as one
of two inputs is vacuum.
In general, we are used to proving this theorem through
the use of the quantum Fisher information (QFI) [15];
namely, one can get F = N irrespective of photon distri-
butions of the inputs. However, this result is obtained
in terms of QFI calculation using a distributed anti-
symmetrically operator Uˆ1= exp[iϕ(aˆ
†aˆ− bˆ†bˆ)/2], where
aˆ† (bˆ†) and aˆ (bˆ) are the creation and annihilation oper-
ators of the path A (B), respectively, and ϕ is the esti-
mated parameter. In contrast to above result, if another
operator Uˆ2 = exp(iϕaˆ
†aˆ) is used in QFI calculation,
one may give F > N regarding some inputs, indicating
a sub-shot-noise-limited sensitivity. These two operators
are both physically real and introduce a relative differ-
ence in parameter ϕ between the two paths; however,
they provide two different sensitivity limits. Confusion
exists as to whether the sensitivity limit given by opera-
tor Uˆ2 is available via a practical positive operator valued
measure (POVM).
Over the past years, this seemingly counterintuitive
phenomenon has got some attentions. With inputting
a coherent state combined with a squeezed vacuum,
Jarzyna and Demkowicz-Dobrzan´ski did the QFI analysis
and showed that two QFIs are given by different operator
configurations regarding two-mode inputs [16]. More re-
cently, Takeoka et al. [17] and You et al. [18] stated that
the QFI calculated from Uˆ2 is physically achievable but
one needs to deploy a POVM including phase or power
reference sources. In particular, Takeoka et al. demon-
strated a real example to break through the SNL via a
squeezed vacuum and a power reference source [17].
In this Letter, the potential of classical inputs and
measurements to surpass the SNL is discussed. Related
to this, we report on a protocol for phase estimation
with a coherent state as input. With a POVM carry-
ing a phase reference taken, we can obtain a sub-shot-
noise-limited sensitivity suggesting an amplification ef-
fect without post-selection. Within the reach of Gaus-
sian inputs, we demonstrate that this effect hold true for
states generated from displacement operator. Our results
have an important implication for realistic scenario where
the measured samples can withstand bright illustration.
Estimation protocol.— Consider a U(2) interferome-
ter with an unknown phase ϕ, as illustrated in Fig. 5.
A coherent state |α〉 is injected into port A, and port
B is vacuum. Accordingly, the input can be written as
|ψ1〉 = |α〉A|0〉B . Then the coherent state is incident
on the first 50:50 beam splitter (BS), and evolves into
two coherent states, |ψ2〉 =
∣∣α/√2〉
A
∣∣α/√2〉
B
, where
the phase introduced by the reflection of BS1 is ignored.
Subsequently, the state in path A experiences a phase
shift ϕ, the parameter we would like to estimate. To
such a unitary process there corresponds a phase oper-
ator Uˆϕ = exp(iϕaˆ
†aˆ). The phase shift is equally im-
printed on each photon in path A, and the state becomes
|ψ3〉 =
∣∣αeiϕ/√2〉
A
∣∣α/√2〉
B
.
From the perspective of metrology, all the devices af-
ter the phase shift are regarded as measurement. In our
protocol, the measurement can be divided into two parts.
The first part is a beam combiner, BS2, taking the role of
recombining two coherent states. Here we set the trans-
missivity of BS2 to T instead of a fixed value, 1/2, which
is used in most of previous protocols. As a consequence,
upon leaving BS2, the reduced output of path A turns to
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|ψ〉A =
∣∣∣∣ α√2
(√
Teiϕ +
√
1− T
)〉
. (1)
The second part is a balanced homodyne detection mod-
ule, the output in Eq. (1) is superimposed on BS3 with a
local oscillator |β〉. Two detectors record two output in-
tensities, and the difference between these two intensities
is related to phase ϕ.
FIG. 1. Schematic diagram of a U(2) interferometer composed
of two BSs and an unknown phase ϕ. Here the input is a
coherent state, and balanced homodyne detection is taken on
the output. The transmissivities of BS1, BS2, and BS3 are
1/2, T , and 1/2, respectively. |β〉 is a strong local oscillator,
i.e., a high-intensity coherent state.
Optimal sensitivity and QFI.— We start off with the
optimal sensitivity of our protocol. With respect to the
output port A, the operator of balanced homodyne de-
tection is given by XˆA = aˆ
† + aˆ. Combining Eq. (1)
and measurement operator, the expectation value of the
output can be calculated as:
〈XˆA〉 = −
√
2T |α| sinϕ, (2)
where α = i |α| is used throughout this work. Further, we
can give the expectation value of square of the operator,
〈Xˆ2A〉 = T |α|2 [1− cos (2ϕ)] + 1. (3)
Using the error propagation, phase sensitivity is found
to be
∆ϕ =
√
〈Xˆ2A〉 − 〈XˆA〉2
|∂〈XˆA〉/∂ϕ|
=
1
|√2Tα cosϕ| . (4)
In general, an exact expression of phase sensitivity should
be derived from classical Fisher information (CFI), ∆ϕ =
1/
√Fc. For our protocol, we can prove the equivalence of
CFI method and error propagation method, see details in
Supplementary Material. One can find that, for a fixed
T value, phase sensitivity, 1/
√
2T |α|, is obtained when
ϕ = 0. This implies that the SNL can be surpassed with
any T > 1/2. In particular, the optimal sensitivity of our
protocol after optimizing T is 1/
√
2|α|, corresponding to
T = 1.
Now we turn our attention to QFI calculation. For a
two-mode separable pure state, ρ = ρA ⊗ ρB , the QFI
can be expressed as:
F = 4[〈Oˆ2〉 − 〈Oˆ〉2], (5)
where the expectation values are taken over the state
|ψ2〉, and the estimator Oˆ can be deduced from the fol-
lowing differential equation
∂ρϕ
∂ϕ
= i[Oˆ, ρϕ] (6)
with density matrix ρϕ = Uˆϕ |ψ2〉 〈ψ2| Uˆ†ϕ.
In our protocol, we have Oˆ = aˆ†aˆ; further, the QFI is
calculated as:
F = 4[〈(aˆ†aˆ)2〉 − 〈aˆ†aˆ〉2] = 2|α|2. (7)
This equation means that the optimal sensitivity al-
lowed by the QFI surpasses the SNL by a factor of
√
2.
Meanwhile, balanced homodyne detection is the optimal
strategy of our protocol as the corresponding CFI equals
the QFI. What we need to emphasize is that the QFI cal-
culated by Uˆ1 holds true for POVMs without power and
phase references, while that calculated by Uˆ2 is applica-
ble for more general POVMs. In addition, there exists
the similar effect within the field of nonlinear phase esti-
mation [1, 20, 21].
Notice that the optimal sensitivity in our discussion is
achievable with ϕ = 0 and T = 1. There is no interfer-
ence between the two paths, in that the condition T = 1
amounts to removing BS2. This is a counterintuitive and
even preposterous conclusion at the first glance, since it
is well known that only the relative phase, rather than
phase itself, can be estimated. Upon further inspection,
it can be seen that the state of path A can interfere with
the local oscillator |β〉. That is, in our protocol, an ex-
ternal phase reference is used to provide a possibility of
surpassing the SNL [16].
In particular, if |β| = |α| /√2, our protocol shown in
Fig. 5 is equivalent to a conventional balanced U(2) inter-
ferometer with intensity-difference detection. However,
it is known that phase sensitivity of a U(2) interferom-
eter with intensity-difference detection is limited by the
SNL. Naturally, one may arise a confusing question: Why
do two identical physical configurations provide two dif-
ferent sensitivities? To answer this question, we make
an attempt to analyze the difference between intensity-
difference detection and balanced homodyne detection.
In general, a balanced homodyne detection module in-
cludes a local oscillator |β〉, a 50:50 BS, two detectors,
and a intensity-difference processing device. Let us con-
sider angular momentum operators in the Schwinger rep-
resentation, Jˆx = (aˆbˆ
† + aˆ†bˆ)/2, Jˆy = i(aˆbˆ† − aˆ†bˆ)/2, and
Jˆz = (aˆ
†aˆ− bˆ†bˆ)/2 [22]. They obey the SU(2) Lie alge-
bra: [Jˆm, Jˆn] = iεmnkJˆk, where {m,n, k} ∈ {x, y, z}, and
εmnk is the Levi-Civita symbol.
3Based on these operators, the actions of BS3 and
intensity-difference detection can be written as UˆBS =
exp(ipiJˆx/2) and UˆD = 2Jˆz, respectively. Using the
Baker-Hausdorff lemma, we have Uˆ†BSUˆDUˆBS = −2Jˆy.
Further, one can give the expectation value of balanced
homodyne detection
〈ψ, β| Uˆ†BSUˆDUˆBS |ψ, β〉 = |β| 〈XˆA〉 (8)
and that of its square
〈ψ, β| Uˆ†BSUˆ2DUˆBS |ψ, β〉 = |β|2〈Xˆ2A〉+
〈
aˆ†aˆ
〉
, (9)
where
〈
aˆ†aˆ
〉
denotes photon number of output at port A.
Thus, phase sensitivity of balanced homodyne detection
is expressed as:
∆ϕ′ =
√
〈Xˆ2A〉 − 〈XˆA〉2 + ξ
|∂〈XˆA〉/∂ϕ|
(10)
with coefficient ξ = 〈aˆ†aˆ〉/|β|2.
Compared with Eq. (4), the numerator of Eq. (33) in-
cludes an extra term ξ, which equals the intensity ratio of
the output to the local oscillator. When |β| = |α| /√2,
we have ξ = 1, and then, the minimum of Eq. (33) is
the SNL, 1/ |α|. As increasing the intensity of the lo-
cal oscillator, the coefficient ξ keeps decreasing. With a
strong local oscillator taken, Eqs. (4) and (33) are ap-
proximately equal since 〈aˆ†aˆ〉 is negligible compared to
|β|2 (ξ ' 0). This suggests that a strong local oscillator
is a necessary condition regarding balanced homodyne
detection, or rather, balanced homodyne detection is an
approximate version derived from intensity-difference de-
tection with strong local oscillator.
In Fig. 2, we show the dependence of CFI, Fc, on
transmissivity, T , and coefficient, ξ. A distinct trend is
that CFI can be improved with either the increase of
transmissivity or the decrease of intensity of the local os-
cillator. Meanwhile, one can find that the CFI sits at
the SNL with 50:50 BS2 (T = 0.5) and strong local os-
cillator (ξ = 0), which is the result of previous studies.
Regarding a strong local oscillator, the QFI will be satu-
rated with the CFI when transmissivity approaches 1, as
shown in our protocol.
Possibility of super-sensitivity using other Gaussian
states.— In terms of above analysis, super-sensitivity
with a coherent state input is demonstrated. Now we fur-
ther discuss the potential of other Gaussian inputs to sur-
pass the SNL. In contrast to non-Gaussian states, Gaus-
sian states are efficient in preparation and more robust
for photon loss, making them more suitable for practi-
cal phase estimation. Generally, a single-mode Gaussian
state can always be represented as a displaced squeezed
thermal state [24]. On the basis of this fact, here we
consider five kinds of states except for aforementioned
coherent states: two kinds of single-parameter states and
FIG. 2. The CFI, Fc, versus transmissivity, T , and coefficient,
ξ. The upper and lower planes represent the QFI calculated
by Uˆ1 (2|α|2) and SNL (|α|2). Here we implement a linear
transformation, 1/|α|2, to z axis; as a result, the QFI, CFI,
and SNL turn into 2, Fc/|α|2, and 1, respectively.
three kinds of two-parameter states (see Supplementary
Material for details).
For balanced homodyne detection, the expectation
values of two kinds of single-parameter states (thermal
states and squeezed vacuum states) are zero, indicating
that they cannot perform phase estimation. As to three
kinds of two-parameter states—squeezed thermal states,
displaced thermal states, and displaced squeezed states—
the expectation value of the first kind is zero while those
of the last two kinds are phase-sensitive.
The optimal sensitivity of a displaced thermal state is
found to be
∆ϕDT =
√NT + 1√
2 |α| , (11)
and that of a displaced squeezed state is given by
∆ϕDS =
√
cosh2r − sinh r cosh r√
2 |α| , (12)
where NT is photon number of the initial thermal state
and r = arsinh
√NSV is squeezing factor with NSV being
photon number of the initial squeezed vacuum.
With a displaced thermal state or a displaced squeezed
state as input, Fig. 3 gives CFI as a function of photon
number, |α|2, originating from the operation of displace-
ment operator. As seen in the figure, these two states
can achieve sub-SNL for special proportion of |α|2 to
total photon number. The CFI of the displaced ther-
mal state is a monotonically increasing function, mean-
ing that reducing photon number of the initial thermal
state increases the CFI when the total photon number is
fixed. In particular, the coherent state mentioned above
is a special scenario that photon number of the initial
thermal state is zero; accordingly, phase sensitivity of a
displaced thermal state is inferior to that of a coherent
state.
4In contrast, the maximal CFI of the displaced squeezed
state outperforms that of the coherent state. That is, for
our protocol, the displaced squeezed state is the optimal
candidate when compared with other Gaussian inputs.
To verify the authenticity of this advantage, we calculate
QFI of the displaced squeezed state,
F = (e2r + 1)|α|2 + 1
2
sinh2 (2r) + sinh2r. (13)
Equation (13) indicates the CFI beyond the SNL is
achievable, since F > Fc = 1/∆ϕ2DS for any values of
|α|2.
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FIG. 3. The CFI versus photon number originating from
the operation of displacement operator, where NDS = |α|2 +
NSV = 10 and NDT = |α|2 +NT = 10. NSV and NT denote
the initial photon number of squeezed vacuum and that of
thermal state. DS state, displaced squeezed state; DT state,
displaced thermal state.
It can be seen that the CFI of the displaced squeezed
state is a non-monotonic concave function. This means
that there exists an optimal photon number for the ini-
tial squeezed vacuum to maximize the CFI regarding a
fixed total photon number. In order to obtain the max-
imal CFI, we differentiate the CFI with respect to |α|2
and then let the result equal to zero. The corresponding
solution is given by
|α|2 = 2(1 + 3NDS + 2N
2
DS −
√
1 + 3NDS + 3N 2DS +N 3DS)
3+4NDS .
(14)
Consequently, for a displaced squeezed state with NDS
photons on average, NDS − |α|2 is the optimal photon
number of the initial squeezed vacuum achieving the
maximal CFI. To a large NDS there corresponds a fact
that |α|2 ' NDS and r ' 0. Such a requirement for
squeezing factor indicates that it may be workable to
input a displaced squeezed state carrying large photon
number with current technology. Finally, we consider the
extent of maximal CFI superior to SNL. By substituting
Eq. (31) into Eq. (29), we have the maximal CFI
max [Fc] =
4 + 12NDS + 8N 2DS − 4
√
(1 +NDS)3
1 +NDS + 2
√
(1 +NDS)3 −
√H1H2
(15)
with
H1 =2
√
(1 +NDS)3 − 3NDS − 2, (16)
H2 =2
√
(1 +NDS)3 +NDS + 1. (17)
Figure 4 shows the maximal CFI against photon num-
ber, NDS. There is a nearly linear relationship between
them with a factor of ∼4. We plot the reference line of
4NDS for comparison, and find that they approximately
overlap with each other. These results reveal that phase
sensitivity of a displaced squeezed state is roughly twice
of SNL in high-photon region.
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FIG. 4. The maximal CFI versus photon number of displaced
squeezed state, where the solid line, 4NDS, is a reference,
and the inset shows a zoom of the graph within high-photon
interval.
Conclusion.— In summary, we have proposed a proto-
col used for phase estimation, with a coherent state as in-
put and balanced homodyne detection as measurement.
The optimal sensitivity achieves the limit predicted by
QFI, and can surpass the SNL by a factor of
√
2 in the
absence of probabilistic pre- and post-selections. We dis-
cuss other single-mode Gaussian states, and reveal that
our protocol is applicable to those states arising from dis-
placement operation. In particular, displaced squeezed
states emerge as the optimal candidate in that they out-
perform other Gaussian states and surpass the SNL by
a factor of ∼2. We believe that our work paves a way
for the realization of super-sensitive phase estimation by
single-mode Gaussian state engineering.
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SUPPLEMENTARY MATERIAL
A: OPTIMAL SENSITIVITY CALCULATION BASED ON THE CLASSICAL FISHER INFORMATION
In this section we give the optimal sensitivity of our protocol with the classical Fisher information (CFI) calculation.
In general, it is complicated to calculate an analytic expression of CFI regarding intensity-based detection. Here we
provide two methods for the CFI calculation. The first method is only suitable for calculating maximum CFI, but it
has no limitation on the output state. By contrast, the second one can show variation of the CFI with respect to the
estimated parameter, while it merely holds true for the state satisfying particular probability distribution. In what
follows, we direct our attention to the first method and focus on phase ϕ in the vicinity of the origin [1].
Since X-quadrature is detected in our protocol, for a given phase ϕ, the probability of outcome x is found to be
P (x |ϕ ) = |〈x|ψA〉T=1|2 =
∣∣∣∣〈x| exp (iϕaˆ†aˆ) ∣∣∣∣ α√2
〉∣∣∣∣2, (18)
where |x〉 is the eigenvector of the operator xˆ with eigenvalue x.
Further, the CFI can be expressed as:
Fc =
∫ ∞
−∞
1
P (x |ϕ )
[
∂P (x |ϕ )
∂ϕ
]2
dx. (19)
6We consider the differential term at the phase origin
∂
∂ϕ
〈x| exp (iϕaˆ†aˆ) ∣∣∣∣ α√2
〉∣∣∣∣
ϕ=0
= i 〈x| aˆ†aˆ
∣∣∣∣ α√2
〉
= −|α|
2
(
x− ∂
∂x
)〈
x
∣∣∣∣ α√2
〉
=
|α|√
2
(
i |α| −
√
2x
)〈
x
∣∣∣∣ α√2
〉
, (20)
where aˆ† = (xˆ − ipˆ)/√2 and (xˆ − ipˆ) |x〉 = (x − ∂∂x ) |x〉 are used, and the wave function of a coherent state |α〉 in
position representation is given by
〈x|α〉 = pi−1/4 exp
(
−x
2
2
− |α|
2
2
+
√
2xα− α
2
2
)
(21)
Based on Eqs. (20) and (21), we get
∂P (x |ϕ )
∂ϕ
∣∣∣∣
ϕ=0
= i 〈x| aˆ†aˆ
∣∣∣∣ α√2
〉〈
α√
2
∣∣∣∣x〉+ H.c. = −2x |α|P (x |0) (22)
with
P (x |0) = 1√
pi
e−x
2
, (23)
where H.c. stands for Hermitian conjugation.
Combining Eqs.(22) and (23), we can calculate the maximal CFI as
Fc|ϕ=0 =
∫ ∞
−∞
4√
pi
|α|2x2e−x2dx = 2|α|2 (24)
through the use of an integral formula∫ ∞
0
x2k exp
(
−x
2
a2
)
dx =
√
pi
(2k)!
k!
(a
2
)2k+1
. (25)
Equation (24) indicates that the optimal sensitivities calculated from the CFI and error propagation are the same.
Now we turn our attention to the second method. One can find that, in our protocol, the output is a coherent
state. Therefore, the conditional probability P (x |ϕ ) follows Gaussian distribution
P (x |ϕ ) = 1√
pi
exp
[
−
(
x−
√
2 |α| cosϕ
)2]
, (26)
as illustrated in Fig. 5.
Based on the expression in Ref. [2], the CFI is found to be
Fc =
(
∂
∂ϕ 〈XˆA〉
)2
+ 2
(
∂
∂ϕΩ
)2
Ω2
(27)
with variance of the measurement operator
Ω2 = 〈Xˆ2A〉 − 〈XˆA〉2. (28)
Notice that Eq. (27) develops into the error propagation when the variance is not a function of the estimated phase.
7FIG. 5. The probability distribution P (x|ϕ) of a coherent state |α〉 (α = |α| eiϕ) against outcome x and phase ϕ, where the
mean photon number |α|2 = 10.
B: SENSITIVITIES OF OTHER GAUSSIAN STATES WITH BALANCED HOMODYNE DETECTION
Here we make use of the Heisenberg picture to discuss the potential of other single-mode Gaussian states to surpass
the SNL. We start off with the square of measurement operator, which can be represented as
Xˆ2A = aˆ
†
2aˆ
†
2 + aˆ2aˆ2 + 2aˆ
†
2aˆ2 + 1 (29)
with aˆ†2 and aˆ2 being the creation and annihilation operators for output port A.
We can write transformation of BS to mode operators as follows:(
aˆ2
bˆ2
)
=
1√
2
(
1 i
i 1
)(
aˆ1
bˆ1
)
, (30)
where aˆ†1 and aˆ1 denote the creation and annihilation operators for input port A.
Based on this transformation, the expectation value of each term in Eq. (29) turns out to be
〈aˆ†2aˆ2〉 =
1
2
〈ψ| aˆ†1aˆ1 |ψ〉 , (31)
〈aˆ2aˆ2〉 =
1
2
ei2ϕ 〈ψ| aˆ1aˆ1 |ψ〉 , (32)
〈aˆ†2aˆ†2〉 =
1
2
e−i2ϕ 〈ψ| aˆ†1aˆ†1 |ψ〉 , (33)
where |ψ〉 is the input state.
Combining Eqs. (31)-(33), we get the expectation value of square of measurement operator,
〈Xˆ2A〉 =
1
2
(
ei2ϕ 〈ψ| aˆ1aˆ1 |ψ〉+ e−i2ϕ 〈ψ| aˆ†1aˆ†1 |ψ〉
)
+ 〈ψ| aˆ†1aˆ1 |ψ〉+ 1. (34)
Similarly, the expectation value of measurement operator is given by
〈XˆA〉 =
1√
2
(
e−iϕ 〈ψ| aˆ†1 |ψ〉+ eiϕ 〈ψ| aˆ1 |ψ〉
)
. (35)
Now we move on to a general single-mode Gaussian state, given by
ρG = Dˆ (α) Sˆ (r) ρTSˆ
† (r) Dˆ† (α) , (36)
with a thermal state
ρT =
∞∑
m
NmT
(NT + 1)m+1
|m〉 〈m|, (37)
8where NT is the mean photon number of the thermal state, Dˆ (α) and Sˆ (r) are displacement operator and squeeze
operator, respectively.
The actions of these two operators on aˆ1 and aˆ
†
1 are given by
Sˆ† (r) aˆ1Sˆ (r) = aˆ1 cosh r − eiθaˆ†1 sinh r, (38)
Sˆ† (r) aˆ†1Sˆ (r) = aˆ
†
1 cosh r − e−iθaˆ1 sinh r, (39)
and
Dˆ† (α) aˆ1Dˆ (α) = aˆ1 + α, (40)
Dˆ† (α) aˆ†1Dˆ (α) = aˆ
†
1 + α
∗. (41)
In terms of Eq. (36), there are five kinds of states are discussed in the following.
(I) Thermal states
The first kind of state we consider is thermal states (r = 0, |α| = 0). One can find that the expectation value of
measurement operator is
〈XˆA〉T = 0. (42)
Equation (42) suggests that our measurement strategy cannot be used for this kind of state as the expectation value
is not a function of the estimated phase.
(II) Squeezed vacuum states
Next, we consider the second kind of state: squeezed vacuum (nT = 0, |α| = 0). Unfortunately, the expectation
value of measurement operator is found to be
〈XˆA〉SV = 0, (43)
which contains no information on the estimated phase.
(III) Squeezed thermal states
The third kind of state is squeezed thermal states (|α| = 0). We calculate the expectation value of measurement
operator as
〈XˆA〉ST = 0. (44)
This means that our measurement strategy is also not suitable for this kind of state.
(IV) Displaced thermal states
The fourth kind of state is displaced thermal states (r = 0). In contract to above three kinds of states, the
expectation value of measurement operator is a phase-sensitive function, given by
〈XˆA〉DT =
1√
2
(
e−iϕα∗ + eiϕα
)
. (45)
Further, we have
〈Xˆ2A〉DT =
1
2
[
e−i2ϕ(α∗)2 + ei2ϕα2
]
+NDT + 1, (46)
where NDT = NT+ |α|2 is the mean photon number of the displaced thermal state with |α|2 being the photon number
which originates from the operation of displacement operator. The corresponding phase sensitivity can be calculated
as
∆ϕDT =
√NT + 1∣∣√2α cosϕ∣∣ (47)
It is obvious that increasing |α|2 can improve phase sensitivity when the total photon number is fixed. By solving
the following equation,
max
[
∆2ϕDT
]
=
1
NT + |α|2
, (48)
9we can obtain the threshold for |α|2,
|α|2 = N
2
T +NT
1−NT
. (49)
That is, only when the value of |α|2 is more than the threshold in Eq. (49) can phase sensitivity surpass the SNL.
(V) Displaced squeezed states
The last kind of state is displaced squeezed states (|α| = 0). We can find that the expectation value of measurement
operator is dependent of the estimated phase,
〈XˆA〉DS =
1√
2
(
e−iϕα∗ + eiϕα
)
. (50)
Further, the expectation value of square of measurement operator is given by
〈Xˆ2A〉DS =
1
2
{
e−i2ϕ
[
(α∗)2 − e−iθ sinh r cosh r
]
+ ei2ϕ
(
α2 − eiθ sinh r cosh r)}+NDS + 1 (51)
where NDS = NSV + |α|2 is the mean photon number of the displaced squeezed state with NSV = sinh2r. Similarly,
|α|2 stands for the photon number originating from the operation of displacement operator. Based on Eqs. (50) and
(51), we can obtain the phase sensitivity
∆ϕDS =
√
cosh2r − sinh r cosh r cos (2ϕ+ θ)∣∣√2α cosϕ∣∣ (52)
By solving the following equation,
max
[
∆2ϕDS
]
=
1
sinh2r + |α|2 , (53)
we get the threshold for |α|2,
|α|2 =
NSV
(
NSV + 1−
√NSV (NSV + 1))
1−NSV +
√NSV (NSV + 1) . (54)
Equation (54) indicates that one can achieve phase sensitivity beyond the SNL with any values of |α|2 in excess of
this threshold.
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